This paper studies the problem on the steady supersonic flow at the constant speed past an almost straight wedge with a piecewise smooth boundary. It is well known that if each vertex angle of the straight wedge is less than an extreme angle determined by the shock polar, the shock wave is attached to the tip of the wedge and constant states on both side of the shock are supersonic. This paper is devoted to generalizing this result. Under the hypotheses that each vertex angle is less than the extreme angle and the total variation of tangent angle along each edge is sufficiently small, a sequence of approximate solutions constructed by a modified Glimm scheme is proved to be convergent to a global weak solution of the steady problem. A sequence of the corresponding approximate leading shock fronts issuing from the tip is shown to be convergent to the leading shock front of the obtained solution. The regularity of the leading shock front is established and the asymptotic behaviour of the obtained solution at infinity is also studied. r
Introduction
The problem of steady supersonic flow past a wedge has been studied extensively by many authors (for references, see [2] [3] [4] [5] 8, 11, [14] [15] [16] 21, 23, 27] and references therein). In [5, 11, 14, 15, 23] , the local solution around the vertex has been constructed. The global solution has been constructed in [3] [4] [5] 8, 27] when the wedge has straight edges, or when the curved wedge has small vertex angles and each edge is the perturbation of a straight one. Here by a vertex angle, we mean a lower vertex angle, or an upper vertex angle which is the angle between the velocity of the oncoming flow and the tangent line of the lower edge or upper edge at the vertex, respectively.
In this paper we are concerned with the problem of planar steady supersonic potential flow past a two-dimensional wedge which has a piecewise smooth boundary with each vertex angle less than the extreme angle. For simplicity, we will study here the problem for a half-wedge, that is, we will consider the problem (A1) The function r ¼ rð ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi u 2 þ v 2 p Þ is given by the following Bernoulli relation: bðyÞ À bðxÞ y À x andñ n ¼ñ nðx; bðxÞÞ ¼ ðÀb 0 ðxþÞ; 1Þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi ðb 0 ðxþÞÞ 2 þ 1 q is the outer normal vector to G at the continuity points of b 0 (see Fig. 1 ).
(A3) The velocity of the oncoming flow is a constant vector U N ¼ ðu N ; v N Þ which satisfies and SðU N Þ is the shock polar associated with U N as given in [12] .
A simple case of problem (1.1) is the case that bðxÞ 0: It has been shown in [8, 12] that if b 0 and if assumptions (A1) and (A3) hold, then problem (1.1) admits an entropy solution that consists of the constant state U N and a constant state U 0 ; with U 0 ¼ ðu 0 ; 0Þ and u 0 4c 0 40 ð1:6Þ
in subdomains of O separated by a straight shock line issuing from the vertex. In other words, the state ahead of the shock front is U N while the state behind the shock front is U 0 (see Fig. 2 ), and there holds the entropy condition as follows:
r 0 4r N : ð1:7Þ
Moreover by Bernoulli relation, (1.7) has the equivalent form as follows: Here c 0 and c N are sonic speed given by Bernoulli relation in (A1), corresponding to U 0 and U N ; respectively. In this paper, we will generalize the above result, that is, under assumptions (A1)-(A3) and the hypothesis that the total variation of b 0 þ is sufficiently small, we will find a global solution U satisfying the following properties:
(s-i) U is a weak solution to problem (1.1) , that is, U solves the problem in the following sense as in [12, 21] : where U ¼ ðu; vÞ; and r N ¼ rðU N Þ is given by the Bernoulli relation; (s-ii) There is a shock front of U; y ¼ wðxÞ; issuing from the vertex point, such that Uj yowðxÞ ¼ U N and such that Uj wðxÞoyobðxÞ is close to the state U 0 ; moreover, q N 4qðUÞj wðxÞoyobðxÞ : Here and throughout the paper the constant state U 0 denotes the state given above.
Meanwhile, we will show that the asymptotic behaviour of the obtained solution at x ¼ þN is determined only by the limit, lim x-þN b 0 ðx þ 0Þ; and the velocity of the oncoming flow, U N (see Theorems 5.1 and 5.2).
In Ref. [27] , we have got a global weak solution when each vertex angle and the total curvature of each edge of the wedge are sufficiently small. In that case, the vertex angle and the total variation of the tangent angle along each edge of the wedge are so small that the shock wave issuing from the tip and the waves produced by the flow moving along each edge are weak (see Lemma 3.3 or [27] ) and only the estimates on the interactions between the weak waves and the estimates on weak interactions at the boundary are needed to prove the decreasing of the Glimm functional. When the vertex angles are less than the extreme angle o ext but do not satisfy the requirement as given in [27] , the shocks issuing from tip of the wedge will be relatively strong and may fail to satisfy the requirement of small strength in Glimm's theorem on waves interactions. Additional estimates are needed to deal with the interactions between these strong shocks and other weak waves. In this paper, we are concerned with the general case that 0oarctan v N u N oo ext ; which includes the case of a large vertex angle. Here by a large vertex angle, we mean a vertex angle which is less than o ext but does not satisfy the requirement of smallness in [27] . We will establish some estimates to deal with the interactions between the strong shock wave issuing from tip and the weak waves produced by the flow moving along the boundary when the total variation of tangent angles along each edge of the wedge is very small. Moreover, to show that the strong shock wave issuing from the tip will not disappear, we will regard the shock front y ¼ wðxÞ as a free boundary and will have to establish the estimates on reflection coefficients, (3.13) and (3.26) , which lead to the contraction inequality (4.1) (or equivalently (4.13)) when the total variation of tangent angles along each edge of the wedge is very small. This contraction inequality, which is analogous to the finiteness condition in [24] and the condition of contraction in [22] , implies that the strengths of weak waves will diminish after multi-reflections against the leading shock front y ¼ wðxÞ and the fixed boundary, therefore the strong shock wave attached to the tip will be stable and will not disappear here. The Glimm scheme is modified to construct the approximate solutions and to trace the leading shock front y ¼ wðxÞ: Remark 1.1. The form of the system of steady irrotational flow is invariant under the same rotation of coordinate systems for both ðu; vÞ and ðx; yÞ: Moreover, the Rankine-Hugoniot relation and entropy condition are invariant under the same rotation of coordinate system, thus the corresponding boundary problems are equivalent in the sense of distribution as (1.9) and (1.10). Then for the case that b 0 ð0Þa0; due to the fact U 0 ==b 0 ð0Þ; we can choose a suitable coordinate system such that b 0 ð0Þ ¼ 0 and U 0 ¼ ðu 0 ; 0Þ; u 0 40 hold in the new coordinate system.
The remaining part of the paper is organized as follows. In Section 2 we study shock polar and epicycloid and distinguish a family of relatively strong shocks, which are small perturbations of the shock fU N ; U 0 g; from the relatively weak waves, and we call them strong shocks. These wave curves give the solutions to Riemann problems and the strong shocks will be used to trace the dominant shock front y ¼ wðxÞ: In Section 3, we establish by the results above the estimates on the boundary interactions of weak waves and the estimates on the boundary interactions of strong shock waves. Also, we study the interactions between the weak waves and the strong shocks. Sharp estimates (3.13) and (3.26) on the coefficients of reflecting waves are established there. In Section 4 we first approximate the boundary by piecewise line segments and construct the approximate solution in approximate domain. Then we define a modified Glimm functional, which is analogous to that used in [27] (see also [22, 24] ) and includes the terms needed to take into account the reflections on the strong shock front issuing from the tip and the reflections on a fixed boundary, and we apply the estimates obtained in Section 3 to prove the desired decreasing of the modified Glimm functional in each approximate domain. Therefore, the approximate solutions can be globally defined and some estimates on the approximate solutions and the approximate strong shock fronts are obtained. The contraction inequality (4.1) (or equivalently (4.13)), which is the consequence of (3.13) and (3.26) when the total variation of tangent angles along each edge of the wedge is very small, plays a crucial role in the proof of the decreasing of the modified Glimm functional. In Section 5 the convergence of the approximate solutions and the convergence of the approximate strong shock fronts are shown, and the limits are proved to be a solution of problem (1.1) and its shock front. The asymptotic behaviour of the obtained solution at x ¼ þN is also studied. The main results, Theorems 5.1 and 5.2, are stated there.
Riemann problem

Riemann problem involving only weak waves
First, we recall some basic facts that will be used in the sequel. As usual case we regard the x-direction as the time-like direction. Then the system in (1.1) is genuinely nonlinear and strictly hyperbolic in the supersonic subregion D; where
Moreover, we can choose a neighbourhood of ðu 0 ; 0Þ; V 0 ; with V 0 Cfðu;
N g; such that the system possesses two distinct characteristics Proof. The proof of (i) has been given in [27] . We only have to prove (ii). Indeed, differentiating the Bernoulli relation in assumption (A1) with respect to u and v; we can get
and
40:
Here j ¼ 1; 2 and p 1 ¼ 1 while p 2 ¼ À1: Thus it follows that
This yields the result (ii Let us recall some basic facts on the wave curves related to problem (2.3). It has been shown in [8, 12] that for any constant state ð % u; % vÞ lying in the supersonic region, the states which can be connected with the state ð % u; % vÞ by a simple wave form a curve called epicycloid, while the states which can be connected with the state ð % u; % vÞ by a shock form a curve called shock polar. And we denote by Rð % u; % vÞ the epicycloid and denote by Sð % u; % vÞ the shock polar. Let R j ð % u; % vÞ and S j ð % u; % vÞ be the part of the epicycloid and the shock polar in the supersonic region corresponding to the l jcharacteristic field, respectively. Denote
Here q ¼ ffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi Fig. 3 ). Let U r and U l be two constant states near the constant state U 0 ¼ ðu 0 ; 0Þ: Then according to [8, 12] , the T j ð % u; % vÞð j ¼ 1; 2Þ can give the physically admissible solution to problem (2.3). We call the waves given by T j the elementary waves, or j-wave in the sequel. It has been shown in [27] that the following holds. 
Then following Lax [13] , by this lemma we can parameterize the curve T j ðU l Þ for any state U l near the state U 0 : As in [13] (see also [27] ), let T j ðu l ; v l Þ be parameterized by e j /F j ðe j ; U l Þ in a neighbourhood of U 0 ; O d 2 ðU 0 Þ; with FAC 2 and
¼ r j ðU l Þ: ðU 0 Þ; we shall use the notation fU l ; U r g ¼ ða; bÞ to denote that U r ¼ Fðb; a; U l Þ throughout the paper, and call the parameters a and b the magnitude of weak 1-wave and the magnitude of weak 2-wave, respectively. It is obvious that a40 along R 
Riemann problem involving a strong 1-shock
In this subsection we consider the Riemann problem (2.3) in the case that U l ¼ U N and U r is a constant state near U 0 :
For any UAS À 1 ðU N Þ; we also use fU N ; Ug ¼ ðs; 0Þ to denote the shock that connects U N and U with the speed s (see Fig. 4 ). Furthermore, if UAO d 2 ðU 0 Þ-S À 1 ðU N Þ we call shock fU N ; Ug a strong 1-shock throughout the paper.
First, we have the following properties of unperturbed strong 1-shock fU N ; U 0 g:
Proof. First we will prove the first statement (1) . To do this, we write the RankineHugoniot relation as
Assume, to reach a contradiction, that s 0 X0: Then by entropy condition (1.7) and (2.5), it follows that
therefore u N 4u 0 ; which yields the contradiction to (2.6). Then it follows that s 0 o0; therefore, from (2.6) and (1.6) we have In addition, from Bernoulli relation it follows that
Thus, the first statement (1) is proved. To prove second statement (2), let
Then b 0 AðÀp=2; 0Þ and a N ; a 0 ; o N Að0; p=2Þ: As in [12] , let s 0 ¼ tan b 0 in (2.5) and (2.6), then we have
where r is a function of
By differentiating the Bernoulli relation we have
Therefore dm dq ¼ 2qIðqÞ
where IðqÞ ¼ ðr
In addition, from the Bernoulli relation it follows that 0oror 0 for any qAfq4u 0 g: This yields
Thus IðqÞoIðu 0 Þ ¼ 0 for any q4u 0 ; which implies dm dq q4u 0 o0:
Applying the L'Hospital rule to the limit in this inequality, we have 
and we can prove that the shock speed is equal to tanðb 0 À o N Þ with
Therefore these yield that
Hence Àp=2ob 0 oo N À a N op=2; and this implies that s 0 ol 1 ðU N Þ: The proof is complete. & Lemma 2.4 implies that the shock fU N ; U 0 g satisfies Lax shock condition if we regard x-direction as time direction. Next, we will prove that it is also a Majda stable 1-shock. To do this, we need the following estimates. Lemma 2.5.
Proof. Since
the result follows from Lemma 2.
Then a 1 o0; a 2 o0:
Proof. Differentiating the Bernoulli relation with respect to u and v; respectively, and taking u ¼ u 0 ; v ¼ 0; we have
Moreover, from the Rankine-Hugoniot relation (2.5), we can get
ð2:10Þ
Then by the supersonic inequality (1.6), Assumption (A3) and Lemma 2. Proof. By direct calculation and by Lemma 2.6 we have
Then by Lemma 2.6 we can deduce the result from (2.13) and (2.14). & According to Majda [19, 20] Then Lemma 2.4 and (2.11) imply that the unperturbed strong shock fU N ; U 0 g is a Majda stable shock. Therefore as in [7, 24] we can parameterize this shock polar near the state U 0 as follows. by the implicit function theorem we can find a unique C 2 -function U ¼ GðsÞ solving (2.15) near s ¼ s 0 and U ¼ U 0 : Moreover, from Lemma 2.4, (2.9) and (2.11) in Lemma 2.7, it follows that fU N ; GðsÞg is a Majda stable shock for any s close to s 0 : This completes the proof. & 
As in the proof of Lemma 2.6, we have
Then by (2.9), Lemmas 2.4 and 2.6, we can get (2.17) and (2.18). The proof is complete. & To conclude the above discussions we give the solution to the Riemann problem involving a strong 1-shock. 
Therefore, by implicit function theorem we can get the desired result. & As in Section 2.1 we will also use the notation fU N ; U r g ¼ ðs; bÞ to denote that U r ¼ Fðb; 0; GðsÞÞ or to denote the solution to problem (2.3) with U l ¼ U N throughout the paper.
Estimates on the interactions and reflections
Estimates on the weak interactions and reflections
In this subsection we shall establish the sharp estimates on the interactions and reflections of weak waves. First, by the standard results (see [9, 13] or [17] ) we have the interaction estimates of weak waves in the interior as follows:
Lemma 3.1. Suppose that U l ; U m ; U r are three states close to U 0 with fU l ; U r g ¼ ða 1 ; a 2 Þ; fU l ; U m g ¼ ðb 1 ; b 2 Þ and fU m ; U R g ¼ ðg 1 ; g 2 Þ; then
0 ðb; gÞ ð 3:1Þ ð j ¼ 1; 2Þ: Here D 0 ða; bÞ ¼ P ja i jjb j j; where the sum is over all pairs for which the i-wave from a and j-wave from b are approaching; Oð1Þ depends only on the system and U 0 :
By direct computation we have for any x; yAR 1 :
Let C k ða k ; b k Þðk ¼ 1; 2; 3Þ be points in R 2 with a kþ1 4a k 40ðk ¼ 1; 2Þ and denote
and denoteñ n k the outer normal vector to G
5). Set
Dða; bÞ ¼ 0 if aX0 and bX0; jaj jbj otherwise and, without confusion, in the sequel denote Oð1Þ the quantity of which the bound depends only the system and the states U 0 and U N : Then consider the following mixed problem: Proof. As in [27] , it suffices to find the function b ¼ bðo þ o 1 ; U r Þ which solves the following equation:
ð3:5Þ Since Fð0; 0; U 0 Þ Á ð0; 1Þ ¼ 0 and since Lemma 2.1 implies
Moreover, since U r Áñ n 1 ¼ 0 implies bðo 1 ; U r Þ ¼ 0; we can have (3.4) and the inequality, K 0 40; by Taylor formula and (3.6). Therefore the proof is complete. & Lemma 3.3 deals only with the case that the paralleling flow moves past a straight corner or a straight wedge with a small turning angle. To take into account the reflection of weak waves at boundary, we need the following:
Lemma 3.4. The following equation
Fð0; e; U l Þ Áñ n 2 ¼ Fðg 2 ; g 1 ; U l Þ Áñ n 2 ð3:7Þ
where the bounds of Oð1Þ depend only on the system and U 0 : 
Moreover,
By Lemma 3.2,
and the uniqueness of the solution e implies that I 2 ¼ g 1 and I 4 ¼ 0: Moreover, from the Taylor formula, it follows that
where
Then combining the estimates for I 1 ; I 2 ; I 3 and I 4 ; we can get estimate (3.8).
Therefore to finish the proof, it suffices to obtain the estimates on K
This yields the estimates on K Þ and a constant state U 2 ; with fU l ; U 2 g ¼ ðe; 0Þ; such that the mixed problem (3.3) in O 2 with the initial data Uj x¼a 2 ¼ U l admits an admissible solution U consisting of a weak 1-wave of which the magnitude is e and satisfying that U ¼ U 2 in a neighbourhood of G 0 2 (see Fig. 6 ). Moreover, there holds with K 0 40 and
Here the bounds of K 0 ; K 1 and Oð1Þ depend only on the system and U 0 :
Proof. As in [27] , it suffices to find the solution ðe; bÞ ¼ ðe; bÞða; g; o þ o 1 ; U l Þ to the following equations: 
Then Eq. , we can find an e that solves (3.14) in some neighbourhood of 
ð3:21Þ
and Þ such that Riemann problem (2.3) with U l ¼ U N admits an admissible solution consisting of a Majda stable strong 1-shock with the speed s 0 ; and a weak 2-wave of which the magnitude is g; i.e. fU N ; U r g ¼ ðs 0 ; gÞ: Moreover, there hold
and 
In the same way as in the proof of Lemma 3.4, we obtain
In addition, from the uniqueness it follows that I 4 ¼ gð0; 0; sÞ ¼ 0 and 
where 
and by the Taylor formula we have
Therefore 
Approximate solution
In this section we shall use a modified Glimm scheme as in [27] to obtain the approximate solution in the approximate domain O Dx which will be defined. Meanwhile we will establish some estimates on the approximate solutions.
Some notations
Based on the results in the above sections, we can choose positive constants dð1Þ; dð2Þ and d 0 ð2Þ; with dð1Þominðd 
and y k is randomly and independently chosen in ðÀ1; 1Þ: We connect the mesh point P k;n by two line segments to the two mesh points, P kÀ1;nÀ1 and P kÀ1;n if y k p0; or connect the mesh point P k;n by two line segments to the two mesh points P kÀ1;n and P kÀ1;nþ1 if y k 40: Then for any integers kX1 and nAZ; an interaction diamond L k;n with the center at ðkDx; 2nDy þ y k Þ is defined to be the domain bounded by four lines segments with vertices Nðy kþ1 ; nÞ; P k;nÀ1 ; Sðy k ; nÞ and P k;n (see Fig. 8 ( We call the domain bounded by segments P 0;nÀ1 Nðy 1 ; nÞ; Nðy 1 ; nÞP 0;n and P 0;nÀ1 P 0;n a half diamond L 0;n : We define a class of space-like and orientable curves in the strip fð j À 1ÞDxp xpð j þ 1ÞDxg for any integer j40 as in [1, 25] . Definition 4.1. A j-mesh curve J is defined to be an unbounded piecewise linear curve lying in the strip domain fð j À 1ÞDxpxpð j þ 1ÞDxg and satisfying the following properties:
1. J consists of line segments of the form P k;nÀ1 Nðy kþ1 ; nÞ; P k;nÀ1 Sðy k ; nÞ (see Fig. 8 ); 2. the y-coordinates along J range from ÀN to þN:
We denote by I kÀ1 the k-mesh curve lying in fðk À 1ÞDxpxpkDxg; that is, the curve which is composed of all segments lying in fðk À 1ÞDxpxpkDxg and joining the mesh points as above.
It is obvious that for any 0oko þ N each k-mesh curve I divides the R 2 into I þ part and I À part, the I À being the one containing the set fxo0g: As in [25] we also partially order these mesh curves by saying that J 1 4J 2 if every point of the mesh curve J 1 is either on J 2 or contained in J þ 2 ; and call J an immediate successor to I if J4I and every mesh point of J except one is on I: Here J 1 (or J 2 ; I; J; resp.) is a j 1 -mesh curve (or j 2 -, i-, j-mesh curve, resp.).
Glimm scheme
In addition to (4.2) Inductively, assume that the approximate solution U Dx;y has been constructed for f0pxokDxg; then we will define the U Dx;y in fkDxpxoðk þ 1ÞDxg by solving the following problems. Set First to define U Dx;y in rhombus T k;0 whose vertices are ððk þ 1ÞDx; y kþ1 Þ; ððk þ 1ÞDx; ÀDy þ y kþ1 Þ; ðkDx; y k Þ; ðkDx; ÀDy þ y k Þ; we have to solve the following mixed problem in T k;0 : .7) hold. Secondly, to define U Dx;y in each rhombus T k;n ðnp À 1Þ whose vertices are ðkDx; ð2n À 1ÞDy þ y k Þ; ðkDx; ð2n þ 1ÞDy þ y k Þ; ððk þ 1ÞDx; ð2n À 1ÞDy þ y kþ1 Þ and ððk þ 1ÞDx; ð2n þ 1ÞDy þ y kþ1 Þ; we have to solve the following Riemann problem in each T k;n ðnp À 1Þ:
If problem (4.9) is solvable, then define U Dx;y ¼ U k in T k;n ðnp À 1Þ: To solve problem (4.9), we just need to consider the following three cases:
Case ðiiiÞ k : U k;nÀ1 ¼ U N and U k;n AB: Then by Proposition 3.3, problem (4.9) admits a unique admissible solution U k consisting of a weak 2-wave and a Majda stable strong 1-shock, that is, there exists a unique ðs ðkÞ ; e k;n;2 Þ such that fU k;nÀ1 ; U k;n g ¼ ðs ðkÞ ; e k;n;2 Þ; ð4:10Þ where s ðkÞ is the shock speed of the strong shock and e k;n;2 is the magnitude of the weak 2-wave. Case ðivÞ k : Both U k;nÀ1 ; U k;n AB: Then by Lemma 3.1, problem (4.9) admits a unique admissible solution U k consisting of two weak waves, that is, there exists a unique ðe k;n;1 ; e k;n;2 Þ such that fU k;nÀ1 ; U k;n g ¼ ðe k;n;1 ; e k;n;2 Þ: ð4:11Þ
Finally we define U k ðkDx; a k;n Þ ¼ U k;0 if nX0 for simplification. Then it is obvious that e k;n;1 ¼ e k;n;2 ¼ 0 for nX0 and kX0:
Decreasing of Glimm functional
In this subsection we will show that under suitable conditions the approximate solution can be well defined in O Dx by the steps in Section 4.2.
First by direct computation, we deduce a lemma related to the L N -estimates, as follows: Next, we will prove that under the suitable conditions U Dx;y can be globally defined. Inductively, we assume that U Dx;y is defined in fxokDxg-O Dx by the steps in Section 4.2, and satisfies the following: 
C-3(k-1) fS Ã ðs ð jÞ Þ; j ¼ 0; y; k À 1g form an approximate 1-characteristic w Dx;y : y ¼ w Dx;y ðxÞ; which issues from the origin.
Here and in sequel S Ã ðs ð jÞ Þ denotes the strong 1-shock or the strong 1-shock front with the speed s ð jÞ : Then we will prove that under suitable conditions U Dx;y can be defined in O Dx;k and satisfies (C-1(k)), (C-2(k)) and (C-3(k)). Indeed, by the induction hypotheses: (C-1(k-1)), (C-2(k-1)) and (C-3(k-1)), we can first define U Dx;y and the Majda stable strong 1-shock S Ã ðs ðkÞ Þ in O Dx;k by the steps in Section 4.2. Moreover, due to the construction in Section 4.2, there exists a diamond L k;nðkÞ such that S Ã ðs ðkÀ1Þ Þ enters L k;nðkÞ and S Ã ðs ðkÞ Þ issues from the centre of L k;nðkÞ : Therefore extend w Dx;y to O Dx;k such that w Dx;y ¼ S Ã ðs ðkÞ Þ in O Dx;k ; and define O À Dx;k and O þ Dx;k in the same way as in (C-1(k-1) ). Then it suffices to impose some suitable conditions so that there will hold (C-2(k)) and s k AB 2 : To this aim we will introduce a Glimm functional.
We first present here some notations that will be used in the proof. In the sequel, we use the Greek letters except s to denote the weak waves and denote by a j (or b j ; etc., resp.) the jth weak wave from weak wave a (or b; etc., resp.). Moreover, without confusion, we also use a j (or b j ; etc., resp.) to denote the magnitude of a j (or b j ; etc., resp.).
Let J be a k-mesh curve. Then U Dx;y j J consists of a strong shock wave and various weak waves. where O J is the set of corner points A n lying in J þ ; that is,
and by a j and b j we mean a weak j-wave from a and a weak j-wave from b; respectively.
Moreover, by the induction hypotheses: (C-1(k-1)) and (C-2(k-1)), and by (4.1) and (4.3), we can choose positive constants K jÃ 40 ð j ¼ 0; 1; 2Þ and K Ã 40 such that the following inequalities hold for any UA % B; oAB 1 and sA % B 2 : Let s J be the speed of the strong shock crossing J: For any constants C 1 40; C40 and K40; we define the following. 
QðJÞ ¼ Q 2 ðJÞ þ Q 1 ðJÞ þ Q 21 ðJÞ;
F ðJÞ ¼ LðJÞ þ KfQðJÞ þ CQ Ã ðJÞg; 
Let e 1 be the weak 1-wave crossing J 0 ; and let g 1 and a 2 be the weak 1-wave and the weak 2-wave crossing I 0 ; respectively, with a 2 lying below g 1 on I (see Fig. 9 ). Here and throughout the proof, if a rarefaction wave crossing I is split into parts that cross I 0 and I 0 then these parts are considered to be two different rarefaction waves as in [6, 24] . And let g 1 ¼ 0 (or a 2 ¼ 0; resp.) if there is no 1-weak wave (or no weak 2-wave, resp.) entering L: Define Now we can carry out the proof. By Proposition 3.1, we have which gives
Then by (4.12), (4.14) and (4.19), we have Moreover, we have
which yields (4.15) by Lemma 4.1. 
Let g 1 and a 2 be the weak 1-wave and the weak 2-wave, respectively, crossing I 0 with a 2 lying below g 1 on I;
and let e 2 be the weak 2-wave crossing J 0 (see Fig. 10 ). In this case, denote Q 0 ðLÞ ¼ jg 1 j 2 þ ja 2 j jg 1 j; and by Proposition 3.3 we have which gives
Then by (4.12) and the contraction inequality (4.13) we can deduce that then, for all yA Q þN k¼0 ðÀ1; 1Þ and every Dx40; the modified Glimm Scheme in Section 4.2 defines an approximate solution U Dx;y and its approximate strong 1-shock front w Dx;y in O Dx ; which satisfy (C-1(k-1)), (C-2(k-1)), (C-3(k-1)) and for any xX0 and h40; where the constants C 2 and C 3 depend only on K jÃ ð j ¼ 0; 1; 2Þ; K Ã ; C; C 1 ; K and the bound of Oð1Þ:
Estimates on the approximate shock front
For any kX1 and any interaction diamond LCfðk À 1ÞDxpxpðk þ 1ÞDxg; we use the same notations as given in the proof of 
Then Q 0 Dx;y ðLÞ is the interaction potential in the L and E Dx;y ðLÞ is the sum of the strengths of waves that interact with the boundary or the strong shock. In the same way as in proving Theorem 4.1, we can get the following (see also [17] 
Global weak solution
Convergence of the approximate solution
According to the above discussion we can extend U Dx;y by the constant U k;0 continuously across the boundary to whole strip fkDxoxoðk þ 1ÞDxg for every kX0:
Let the line fx ¼ ag; with a40; intersect @O Dx ¼ ,fA kÀ1 A k ; kX1g at the point ða; p Dx; a Þ: In the same way as in [27] , by Theorem 4.2 we can prove the following: To establish the main result, we need to estimate the jumps of the approximate shock front.
Let
Then by the choice of Dx and fy k g; and by Lemma 2.4, we have d k Að0; 1Þ: Moreover, d k depends only on fy l ; 0plpk À 1g: Thus define
Iðx; Dx; yÞ ¼ X Proof. Part (1) follows by the direct computation. It suffices to prove part (2).
As in [25] The proof of (i), (ii) and the proof of the convergence of fs D k ;y g in (iii) can be carried out in the same way as in the standard case (see [9, 10, 27] ). The equality in (iii), w y ðxÞ ¼ R x 0 s y ðtÞ dt; can be deduced from Lemma 5.3 and the result on convergence of fw D k ;y g and fs D k ;y g: Moreover, by the construction of the solution and by the results in [26] , we can prove the remaining part of Theorem 5.1. Therefore, the proof is complete.
Asymptotic behaviour of the strong shock
Let yA Q N k¼0 ðÀ1; 1Þ\ðN 1 ,NÞ be given in Theorem 5.1 and be equidistributed, and let U y and w y be the solution and its shock front given in Theorem 5.1, respectively. By Theorem 5.1 and the results in [10, 18] , it follows that the solution U y contains at most countable shock fronts and countable points of waves interactions. Moreover, we can modify the solution U y such that U y is continuous outside the shock curves and the points of waves interactions. Then, where the function G is given in Proposition 2.1.
